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Mathematics Notes for Class 12 chapter 4.
Determinants

Determinant

Every square matrix A is associated with a number, called its determinant and it is denoted by
det (A) or |A| .

Only square matrices have determinants. The matrices which are not square do not have
determinants

(i) First Order Determinant
If A=[a],thendet (A)=|A|=a

(if) Second Order Determinant
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Evaluation of Determinant of Square Matrix of Order 3 by Sarrus Rule

“ %= %l then determinant can be formed by enlarging the matrix by adjoining the first
two columns on the right and draw lines as show below parallel and perpendicular to the
diagonal.
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The value of the determinant, thus will be the sum of the product of element. in line parallel to
the diagonal minus the sum of the product of elements in line perpendicular to the line
segment. Thus,

A = a178p833 + 812823831 * 813821832 — 813822831 — Q11823832 — 812821833-
Note This method doesn’t work for determinants of order greater than 3.
Properties of Determinants

(i) The value of the determinant remains unchanged, if rows are changed into columns and
columns are changed into rows e.g.,

[A’| = |A]

(ii) If A = [a;]nxn, N> 1 and B be the matrix obtained from A by interchanging two of its rows
or columns, then

det (B) = —det (A)
(iii) If two rows (or columns) of a square matrix A are proportional, then |A| = O.

(iv) |B| = k |A| ,where B is the matrix obtained from A, by multiplying one row (or column) of
A by k.

(v) |KA| = k"|A|, where A is a matrix of order n x n.

(vi) If each element of a row (or column) of a determinant is the sum of two or more terms,
then the determinant can be expressed as the sum of two or more determinants, e.g.,

(vii) If the same multiple of the elements of any row (or column) of a determinant are added to
the corresponding elements of any other row (or column), then the value of the new
determinant remains unchanged, e.g.,
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(viii) If each element of a row (or column) of a determinant is zero, then its value is zero.

(ix) If any two rows (columns) of a determinant are identical, then its value is zero.
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(x) If each element of row (column) of a determinant is expressed as a sum of two or more
terms, then the determinant can be expressed as the sum of two or more determinants.

Important Results on Determinants
(i) |JAB| =|A||B| , where A and B are square matrices of the same order.
(i) A" = |A"

(i) If A, B and C are square matrices of the same order such that ith column (or row) of A is
the sum of i th columns (or rows) of B and C and all other columns (or rows) of A, Band C are
identical, then |A| =|B| + |C|

(iv) |In| = 1,where I, is identity matrix of order n

(V) |0y =0, where O, is a zero matrix of order n

(vi) If A(x) be a 3rd order determinant having polynomials as its elements.

(a) If A(a) has 2 rows (or columns) proportional, then (x — a) is a factor of A(x).
(b) If A(a) has 3 rows (or columns) proportional, then (x — a)? is a factor of A(x). ,
(vii) A square matrix A is non-singular, if |A| # 0 and singular, if |A| =0.

(viii) Determinant of a skew-symmetric matrix of odd order is zero and of even order is a non-
zero perfect square.

(ix) In general, B + C| # |B| + |C|
(x) Determinant of a diagonal matrix = Product of its diagonal elements
(xi) Determinant of a triangular matrix = Product of its diagonal elements

(xii) A square matrix of order n, is non-singular, if its rank r =n i.e., if |A| # 0, then rank (A) =
n

filx) fix) Lix)
(xaail) IfA(x)=| g(x) g,(x) g(x)|.then
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(82) Rk Alx)=| ¥ & () T 2.(x) r g(x)
. ¥ -] x=1 X o)
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(b) J'IlA'.!.':‘ l‘l gix) [ gx) E‘] g.(x)
X X (R =1 X R

b
(xiv) If A is a non-singular matrix, then |JA?| =1/ |A| = |A[*

(xv) Determinant of a orthogonal matrix =1 or — 1.

(xvi) Determinant of a hermitian matrix is purely real .

(xvii) If A and B are non-zero matrices and AB = 0, then it implies |A| = 0 and |B| = 0.

Minors and Cofactors

then the minor M;; of the element a;; is the determinant obtained by deleting
the i row and jth column.

The cofactor of the element a;; is Cj; = (- 1)' ) M;;

Adjoint of a Matrix - Adjoint of a matrix is the transpose of the matrix of cofactors of the give
matrix, i.e.,

Properties of Minors and Cofactors

(i) The sum of the products of elements of .any row (or column) of a determinant with the
cofactors of the corresponding elements of any other row (or column) is zero, i.e., if
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then a;,Cs; + a12C3, + 213C33 = 0 ans so on.

(if) The sum of the product of elements of any row (or column) of a determinant with the
cofactors of the corresponding elements of the same row (or column) is A

(ii1) In general, if| Al= A,then]A|= ¥ a; C,

—

and (adj A) = A" !, where A is a matrix of order n % n.

Differentiation of Determinant

alx) bix) olx)

If Alx) p(x) gix) r(x)
ulx) wvix) {x)
a'{x) &(x) c¢'(x) | alx) &x) {x)
an \ A ¥ 5 X
then ={ p(x) qlx) r(x)|+|p'(x) qg'(x) r(x)
dx
uix) iXx) (Xx) ulx) x) (x)

alx) Hzx) ofx)
+| p(x) g(x) r{x)

u'(x) v'(x) "(x)

Integration of Determinant

If A(x)=| ¢

If the elements of more than one column or rows are functions of x, then the integration can be
done only after evaluation/expansion of the determinant.

Solution of Linear equations by Determinant/Cramer’s Rule
Case 1. The solution of the system of simultaneous linear equations

a;xX + bly =C; (l)
X + bzy =C, .. (11)

isgivenbyx=D;/D,Y=D,/D
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(1) If D # 0, then the given system of equations is consistent and has a unique solution given by
x=D,/D,y=D,/D

(if) If D =0 and DI = D2 = 0, then the system is consistent and has infinitely many solutions.
(iii) If D = 0 and one of DI and D2 is non-zero, then the system is inconsistent.

Case Il. Let the system of equations be

X + bly +Ciz= d1

X + b2y +Cyoz = d2

asX + bay + C3z = ds

Then, the solution of the system of equation is

x=D;/D,Y=D,/D,Z=D3/D, it is called Cramer’s rule.

lay, & ¢ d b ¢
where, D=|a; b c| D =|ds b ¢
lag b o ‘\ dy b o
lay d ¢ oy & d
Dy={a;, dy ¢3\\Dy= | @2 b d,
o d o ‘ lay b dy |

(1) If D # 0, then the system of equations is consistent with unique solution.

(if) If D = 0 and atleast one of the determinant D, D,, D3 is non-zero, then the given system is
inconsistent, i.e., having no solution.

(i) IfD =0 and Dy = D, = D3 = 0, then the system is consistent, with infinitely many
solutions.

(iv) If D # 0 and D; = D, = D3 = 0, then system has only trivial solution, (x =y =z =0).
Cayley-Hamilton Theorem

Every matrix satisfies its characteristic equation, i.e., if A be a square matrix, then |A —xl| =0
is the characteristics equation of A. The values of x are called eigenvalues of A.

i.e., if x> — 4x®> — 5x — 7 = 0 is characteristic equation for A, then
A®—4AZ +5A—T71=0
Properties of Characteristic Equation
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(i) The sum of the eigenvalues of A is equal to its trace.

(if) The product of the eigenvalues of A is equal to its determinant.

(iii) The eigenvalues of an orthogonal matrix are of unit modulus.

(iv) The feigen values of a unitary matrix are of unit modulus.

(v) A and A’ have same eigenvalues.

(vi) The eigenvalues of a skew-hermitian matrix are either purely imaginary or zero.
(vii) If x is an eigenvalue of A, then x is the eigenvalue of A

(viii) The eigenvalues of a triangular matrix are its diagonal elements.

(ix) If x is the eigenvalue of A and |A| # 0, then (1 / x) is the eigenvalue of A™.

(x) If x 1s the eigenvalue of A and |A| # 0, then |A| / x is the eigenvalue of adj (A).
(xi) If X, X2,Xs, ... ,Xn are eigenvalues of A, then the eigenvalues of A% are x,%, X2%,..., X’

Cyclic Determinants
1 1

W|la b cl=(a-b)i(b=-cHe-a)
h." (..‘

1 1
(i)ja b c|=(a=-b)b-=c)c~aXa+b+c)
&S B &
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i) |a & cl|=(a=b)b=-c)c-a)lla®+b*+c*)+(ab+ be+ ca))

i 4 4
|a b c

1 1 1
(iv) |a*®* b* c*|=(a-b)(b—c)c- a)(ab+ be+ ca)
a ¥ &

[x% (x+a)* (x-a)|
Wy (+a) (y—a)|=-4a’(x- (-2} z-x)

z* (z+a) (z-a)

1 1 1
(vi)la b ¢c|l=a*+b*+c*—ab-bc-ca
(b a ¢
= [(b=¢) +(c—a) +(a—B)"]
a b ¢
(vil)|b ¢ al=—(a+b+c)a*+b*+c*—ab- be-ca)
¢ a b
= —(a* + b* + ¢* — 3abe)
T+ a b c d
@i & Y e A sliaibrerd)
Q b X+ C d
a b c x+d|

Applications of Determinant in Geometry

Let three points in a plane be A(Xy, Y1), B(X2, y») and C(X3, y3), then

n N
(1) Area of A ABC = ‘: ‘ X ¥y 1

g Y 1

=172 X1 (Y2—Y3) + X2 (Ya— Y1) + X3 (Y1 — ¥2)]

X vy 1
(11) If three points are collinear, then |z, » 1 =0
[ w1

{111) Equation of a line passing through the points 4 and Bis

Maximum and Minimum Value of Determinants

a @ 0
If |Al=|a; a5 ag,

a, Qg day
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where a;s € [0y, y,..., On]

Then, |A|max When diagonal elements are
{ min (o, 0p,..., 0n)}

and non-diagonal elements are

{ max (o, 0p,..., 0n)}

Also, |A|min =— |A|max
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